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Abstract
We present a novel generic tool to design the shape and location of an actuator for continuous
elastic dynamic systems, i.e. essential properties of the actuators in order to generate a desired state
profile. The main idea of the research is to generate an approximation via reduction of the number of
actuators by using the singular value decomposition (SVD). SVD is a powerful and elegant method
for data analysis aimed at obtaining low-dimensional approximation of high-dimensional data. We
implement our work on the structural dynamics of a clamped elastic beam. By the use of Finite
Difference Method (FDM), we divide the beam into discrete elements. Each element has the ability
to translate and rotate with respect to the surrounding elements. By implementing the theory of
robust Hs, control, we obtain the optimal control law with respect to the worst exogenous input.
This and the use of SVD enables us to approximate efficiently the number of actuators needed.

Thus enabling us to reduce the number of actuators that are necessary in order to obtain a desirable

state profile with a robust control law.
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1. INTRODUCTION

Control of continuous elastic dynamic systems is
a very important issue in aerospace engineering and
structural engineering. The question of minimal
number of actuators arises when dealing with large
scale systems. Trying to implement a large number
of actuators and controlling them in real time is a
very difficult problem. We try in our work to reduce
the large number of actuators, in order to control a
large scale system with multiple inputs.

Various vibration control methods have been stud-
ied, which can be categorized into two major groups:
passive vibration control and active vibration con-
trol. In passive vibration control, passive elements
are used to change the system damping and stiffness
in order to reduce structural vibration. Although no
power source is needed, the dynamics of the plant is
often changed, and the weight of the whole system is
often increased which is not acceptable in aerospace
applications. Furthermore, the structural vibration

is only reduced in certain frequencies, with passive
vibration control. Due to the limitation of passive
vibration control, active vibration control was intro-
duced and there has been a great deal of interest in
the active vibration control of structures. The struc-
tures of active vibration control, with many actuators
and sensors, have been made possible by the use of
piezoelectric ceramic and piezopolymer film materials
as the sensing and actuating devices [1]. Active vi-
bration control is capable of performing over a broad
range of operating conditions, and has the advantage
of reduced weight over passive damping methods [1].

One of the earliest works in the field of active vibra-
tion and acoustic control was published by Fuller [2].
Feed-forward control was used to reduce narrow band
acoustic radiation with structural actuators, and con-
siderable noise attenuations were achieved with this
approach [3, 4]. Swigert and Forward used piezoelec-
tric element (PZT) as the active damper to control
the mechanical vibration of an end-supported mass
[5]. Bailey and Hubbard developed the active vi-
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bration control system for a cantilever beam using

Poly Vinylidence Flouride (PVDF) [6].
formed vibration control with multi-step Bang-Bang

Choi per-

control [7]. Baumann and Eure used feedback con-
trol to reduce stochastic disturbances such as tur-
bulent boundary layer noise [8, 9]. Although active
control has been used to reduce structural vibrations
for many years [2, 10, 11], the application of active
vibration control on large-scale systems has achieved
little success due to the scalability limitations of tra-
ditional centralized control architectures. In general,
one controller processes all sensor data to generate
optimal actuator inputs in order to reduce the struc-
tural vibrations. Thus, there is an overwhelming,
some even impractical, computational burden on the
centralized controller, when large-scale systems are
considered. As a result recent advances in Micro-
Electro-Mechanical systems (MEMS) and embedded
system technologies have enabled the applications of
distributed control designs [12], which is more scal-
able compared with centralized control and suitable
for large-scale systems. A distributed control system
normally consists of numerous localized controllers
called nodes. Each localized controller has a sen-
sor, an actuator and a means of communicating with
other controllers in the system [13, 14]. Therefor
there is an urge to reduce the number of actuators
and controllers.

We present a method that reduces the number of
actuators, such that it approximates the process in
the best possible way in the sense of minimizing the
Frobenius norm. One of the methods which approx-
imate representation of high-dimensional processes
is the singular value decomposition. Singular value
decomposition (SVD) is a method of data analysis
aimed at obtaining low-dimensional approximation
descriptions of high-dimensional processes. In other
words in order to obtain a desired damped vibration,
the object is divided into n models, elements. Similar
to the finite element and difference method [15, 16],
i.e. n actuators are required to be controlled in order
to obtain the objective damped vibration. By use
of SVD and implementation of our method one can
achieve an optimal approximation of the objective
damped vibration profile by controlling a minimal
number of actuators. This way one can analyze large
scale models and reduce the number of actuators.
The SVD has been used to obtain low-dimensional

descriptions of turbulent fluid flows [17], structural
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vibrations [18, 19], insects gaits [20], and for damage
detection [21]. It has also been extensively used in
image processing, signal analysis and data compres-
sion.

The paper is organized as follows: Section two in-
troduces some notations and reviews regarding SVD
and linear H., control. Section three describes the
dynamical model. Section four presents the control
algorithm for reduction of the number of actuators
for large scale systems, implemented on a one side
clamped cantilever beam. Section five presents sim-
ulation results and section six presents conclusions

and future work.

2. REVIEW OF SVD AND H,, CONTROL

2.1. Singular Value Decomposition

The reduced order approach by SVD is based on
projecting the dynamical system onto subspaces con-
sisting of basis elements that contain characteristics
of the expected solution. This is in contrast to the
finite element methods, where the elements of the
subspaces are uncorrelated to the physical properties
of the system that they approximate. We apply the
SVD to derive a Galerkin approximation in the spa-
tial variable, with basis vectors corresponding to the
solution of the physical system at pre-specified time
instances.

Lemma 2.1.1. : For any matriz H € R™*" ex-
ists a unitary matriz, U~ = UL, U € R™*™ which
its columns form an orthonormal basis, a unitary
matrix V. € R™™ which its columns form an or-
thonormal basis and a diagonal matrix decreasing or-
der ¥ € R™ ™ j.e.,

g1 0 . 0
Y= 02 0 ;012> 022> > Om
0 0 .0
(2.1)
such that,
H=UxVT (2.2)

The diagonal entries o; of X are called the singular
value of ‘H. ¥’s elements which are the singular val-
ues, are the square roots of the eigenvalues of UU”T
and UTU. The columns of U are called left singular
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values of  which are the eigenvectors of 7 H. The
columns of V' are called right singular values and are
the eigenvectors of HH”T. Using the orthogonality of
V we can write the SVD in the form:

HV =US (2.3)

We can interpret Eq.(2.3) as a mapping of a spe-
cial set of orthonormal vectors, columns of V', into

an orthonormal set of vectors, columns of U. If we

denote U = [uy,...,uy], ¥ = diag(o1,...,0,) and
V = [v1,...,v,], then H can be written as:
H=USV" =) oun] (2.4)
i=1

This form is called the dyadic decomposition of H
which decomposes the matrix H of rank n into a sum

of n matrices of rank one.

2.2. Review of Linear H., State Feedback
Control
In order to obtain a control law which is robust

to exogenous inputs, we consider the following LTI

system described by:

Tz = Az + Biw + Bou
Y: z=Ciz+ Du
y=0Cox , Co=1 (2.5)

where,

x€ R™ is the state vector,

w € RY is an external disturbance signal,
u € R™ is the control input signal,

z € R" is the control output signal,

y € RP is the measurement output signal.

Theorem 2.2.1. The stability and achievable Lo-
gain properties for the linear system Eq. (2.5) can
be established by finding a positive definite Lyapunov
function S(z) £ zTW=lz such that the following

conditions are satisfied.

AW +WAT + By +YTBY B, wcf +yTDT
* —~2T 0
* * —
<
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where Y = KW.

Definition 2.2.1. We say that Eq. (2.5) is Lo-
gain stable if there exist v > 0 and a locally bounded
function S(z), called a storage function, S(x) > 0,
S(0) =0, Vz € R™ and for each admissible input
such that Yu(-) € U, ¥t > 0

S(x(t1)) < S(.Z’(to))+/t15(1,0(t),2(t))dt (2.7)

where

1
8=§WWW@—HN@,WZO (2.8)

or equivalently,

NN

|l=]

Gl 2 sup 12 (2.9)

o] 20 [|]]

NN

where G denotes the transfer function of Eq. (2.5)
which corresponds to the ratio between the norm of z,
control output, to the norm of w, external disturbance

[22].

Proof. A state space system X is said to be dissi-
pative with respect to the supply rate function s if
there exists a function S : X — R, called the stor-
age function, such that for all zy € X, at all t; > to,

and all input functions w,

t1
S@uﬁ)SAﬂxmﬁy+/ s(w(t), z(t))dt (2.10)
to
where z(t9) = xo, and z(t;) are the state of ¥ at
time £y and ¢; resulting from initial condition x and
input function w(-).

Note that whenever the function S(z(t)) is differ-
entiable as a function of time, then Eq.(2.10) can be
equivalently written as

S(t) < s(t)

(2.11)

If 3 is dissipative with respect to the supply rate
function,

1
(Vw3 —[I2]13) ;v >0 (2.12)

s==
2

By using the relations above, dissipative approach,
we can conclude that a sufficient condition to the

existence of the Lo-gain criterion, is the existence of
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a function S(z) >0 V =z # 0 such that,

TE ME

—_

§ < SO lwll* = 121?) (2.13)

by implementing the system to (2.13) we obtain,

. . 1
§ =St < S(Vlwll® - |2]I*)

1 1
J = S (Az + Byw + Bou) + §ZTZ — 572wTw <0
(2.14)

where J is the cost function. The worst input distur-

bance for maximizing J is given by:
w* =y 2B ST (2.15)
and the optimal controller for minimizing J is,

u* = —(D"D) 'By ST

where (*) indicates optimality. Substituting this re-

lations into J yields,

1
Sy Az + 57—2530313{5;’

1 1
— §S$BQR_1BQTSE + §acTQa: <0

(2.17)
Now, choosing the storage function S to be
S = %xTPx , P=PT >0, (2.18)
yields the following Riccati Inequality for P:
PA+ATP+Q
(2.19)

+P(y?BiBf —B:R'B])P <0
An equivalent expression is given by:

AW +WAT + 472B,BT — B,R™'BT + wcoloyw
<0
(2.20)

where W £ p—1,

ment, relation Eq.(2.20) can be transformed into the

According to the Schur comple-

following matrix representation,

AW +WAT - B,R7'BI B, WCF
* —’sz 0 <0
* * -1
(2.21)
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FIG. 1: Illustration of the elastic beam.

The latter inequality is called the Bounded Real
Lemma. By substituting the state feedback control
u = Kz to X yields the following closed loop system:

z=(Cy +DK)z (2:22)

and the corresponding LMI (Linear Matrix Inequal-
ity),

(A+ BoK)W +W(A+ B.K)T By W(C1 + DK)T
* —y2I 0
* * —I
(2.23)
which completes the proof L]

Note, the following matrix can be solved by the
LMI toolbox using MATLAB. The following LMI
provides a feasibility test, parameterized in v > 0.
The Ly gain of the system exists, if and only if exists
a K such that the LMI where the upper bound for
the external disturbance holds.

3. DYNAMICAL MODEL

In this section we present the dynamical analysis
of an elastic beam Fig. (1). By using the follow-
ing PDE (Partial Differential Equation) according to
Euler-Bernoulli beam theory assumptions, one can

represent the elastic equation of the beam [23],

d*w(q,t)

*w(q,t)
ot?

EI
+ 9q"

pA =F(q,t),  (3.1)
where w(q,t) denotes the beam’s vertical displace-
ment, p is the beam’s density, A is the beam’s cross
section, F is the Young’s modulus of elasticity, I is
the moment of inertia and F denotes a distributed
force acting along the beam which denotes the in-

puts u. The boundary conditions, accounted for a

<

]0
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cantilever beam,

Ow(gq,t)
= _— = = .2
w(g, 1) 9 0 ,at ¢=0, (3.2)
Pw(q,t)  Pw(q,t)
= = = L
a2 g 0 ,at ¢ ;

where L is the beam’s length. Since there is no con-
venient solution to the system, an efficient explicit
second-order accurate finite differences scheme is pro-

posed:

whtl — 2™ 4 pm—1
At?

(3.3)
2 wil o — 4w + 6wt — 4w | +w,
Aq2

+ cF?

where b?> = (EI)/(pA) , c = 1/(pA) and m, s repre-
sents discrete space and time respectively. In order
to maintain stability of the scheme, it requires that
[24],

bu < (3.4)

DN | =

where 1 = At/Aq?. Eq.(3.3) can be written in a

matrix form given by
w(m+ 1) = Aw(m) + Bu(m) —w(m — 1), (3.5)

where B = diag(At?c), and A is a diagonal matrix

whose elements are,

A = diag(—b*p?, 4b% 2, —6b%p? + 2, 4b% %, —b* )
(3.6)
By rearranging the finite differences equation in the

form of a discrete state space representation we ob-

tain:

am+1) | | 0 1 q1(m) wlm

lqg(erl) -1 4 ga(m) + (m),
(3.7)

where g1 (m) = w(m — 1), ga(m) = w(m).

4. CONTROL ALGORITHM

We implement the SVD algorithm by applying it
on the controllers outputs. The columns of V' can
be interpreted as inputs, the diagonal values of the

matrix o can be interpreted as the controls gain and
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the columns of U can be interpreted as outputs.
unxt ~ anxt — Unxko_kxkvkxt (4.1)

As a result we are interested only in the outputs, the
columns of U. We use only k& columns that corre-
spond to the largest singular values, i.e. the first k"
columns. These columns represent the optimal eigen-
vectors, in the sense of minimal number and maxi-
mal influence. The k columns of U correspond to the
most influenceable system inputs. These are actually
the main directions of the acting forces, which act on
the body. It can be interpreted as the shapes of the
actuators.

After the robust control law is obtained by the use
of the linear H., controller, we minimize the number
of actuators by using the SVD algorithm. In order
to verify the algorithm we use the first k** columns
of U to control the system. We obtain the approxi-
mated system by implementing again the linear Ho,

controller on the reduced order inputs,

Xopz(m+1) = AX pe(m) + Bamuam (m) (4.2)

where,

0 1
-1 A

0
B

= 5 Bapa: =

unxk (4.3)

i.e. ugp, is an approximation based on the transfor-
mation of o**¥V#** by the operator u. By applying
the linear H., controller on A and Bam we obtain
Uapa-

In summary, an algorithm to solve the linear H,
problem for large scale system with a minimal num-

ber of actuators is:

1. Conversion of the continuous state space dy-

namical system to a discrete one.

2. Determining the control input as a function of

time and space for the large scale system.
3. Computing the SVD matrices.

4. Choosing the first k£ most influenceable columns

of U, i.e. obtaining the new actuators.

5. Recalculating the controller for the approxi-

mated actuated system.

6. Implementing the new controller on the system

where only k actuators are used.
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FIG. 2: The 25 c¢m beam, oscillating around zero, for a
period of 0.5 seconds, while the controller is turned off.

‘We choose the order of approximation according to
the largest singular values. We choose the k largest
singular values according to the value of the norm

corresponding to an acceptable nominal value.

5. SIMULATIONS

In order to simulate the algorithm we chose a metal
beam with a density of p = 7850 kg/m® and a
Young’s modulus of £ = 200 GPa. The length of the
beam is 24 ¢m and has a cross section of 0.125 cm?
with a moment of inertia I = 1.76 - 107° cm?*. We
chose an initial condition of w(q,0) = ¢* em and
divided the beam into 25 equal elements. We consid-
ered the external disturbance as a bounded standard
Gaussian function, where the disturbance matrix is
unitary. We start by demonstrating the dynamic be-
havior of the beam while the controller is turned off
Fig (3)
presents the displacement of the beam while using

and the plant has no damping Fig. (2).

all 25 actuators in order to control the beam where
v = 10.1. Fig (4) presents the displacement of the
beam while using only three actuators in order to
control the beam where v = 13.3. It can be seen
that the closed loop dynamic behavior is very similar
to the dynamic behavior where all twenty five actu-
ators were applied. Despite the fact that there is a
slight undershoot, while there was non when all 25
actuators are used. Fig (5) presents the weights of
the actuators which are applied for a third degree ap-
proximation. We can consider the bars as the shapes
of the actuators which are needed in order to obtain
an approximated solution. The control inputs are
represented in Fig. (6) respectively to the actuators
which are presented in Fig. (5).
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FIG. 3: The 25 ¢m beam, regulated while the controller
is turned on and acts on all the 25 actuators.

Displacement(m]

Lengthlcm]

Time[msec]

FIG. 4: The 25 ¢m beam, regulated while the controller
is turned on and only three actuators are controlled.

6. CONCLUSIONS

We presented in this paper a novel algorithm for
reducing the number of actuators for large scale sys-
tems in closed loop. The algorithm was based on
the use of the singular value decomposition and the

(a) (b) ()

FIG. 5: Representation of the discrete weights of the ac-
tuators, i.e. shapes, which are applied on the third degree
approximated system.


WIRASAK
Stamp


| | | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time [msec]

50 T

50 L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time [msec]

. 1 . 1 . . . . .
200 400 600 800 1000 1200 1400 1600 1800 2000
Time [msec]

FIG. 6: Control inputs under an initial condition. Each
control input is correlated to each of the actuators a,b,c
respectively.
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robust H,, controller. We have shown that it is pos-

sible to control a large scale system by significantly

reducing the number of actuators. We implemented

our work on a two dimensional steal beam. In the

future we plane on expanding our work to nonlinear

problems while solving the output feedback robust

H,, controller and implementing the algorithm on

three dimensional problems.
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